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Abstract

Combination techniques and decomposition procedures have been applied to time
series forecasting to enhance prediction accuracy and to facilitate the analysis of data
respectively. However, the restrictive complexity of some combination techniques and
the difficulties associated with the application of the decomposition results to the
extrapolation of data, mainly due to the large variability involved in economic and
financial time series, have limited their application and compromised their
development. This paper is a re-examination of the benefits and limitations of
decomposition and combination techniques in the area of forecasting, and a contribution
to the field with a new forecasting methodology. The new methodology is based on the
disaggregation of time series components through the STL decomposition procedure,
the extrapolation of linear combinations of the disaggregated sub-series, and the
reaggregation of the extrapolations to obtain estimation for the global series. With the
application of the methodology to the data from the NN3 and M1 Competition series,
the results suggest that it can outperform other competing statistical techniques. The
power of the method lies in its ability to perform consistently well, irrespective of the

characteristics, underlying structure and level of noise of the data.
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the time series, these are regressed against the original data and the coefficients of determination
from each individual regression are obtained, i.e., x; is regressed against my, s; and e; and the
coefficients of determination, R2,,R? and R? are obtained respectively. R? provides an indication
of the ‘strength’ of each component in the series. Therefore, the higher the R? the greater the
power of the component in predicting z;.

Hence, the following regressions were carried out:

Ty = o + Bmmt + €tm — R72n
T = as + PBssy + €& == R? (3)
T = e + Beey + € — Rz

Secondly, the time series are classified into four groups based on the best forecasting method for
each time series. Hence, those time series for which method M, for M =1,...,4 (HW, HDT, Theta
and ARIMA respectively), was found to be the best method in terms of MASE, formed group G .
For each of the time series in the group, the coefficients of determination of the three components
are then recorded. Therefore, each group, Gj; was associated with a matrix of nx3 coefficients of
determination, n being the number of time series for which method M had the smallest MASE,

ie.,
2 2 2
Rs,l Rm,l Re,l
Gu=| ' : : (4)
RiﬂM Rgn,nM RE;”M
The purpose of this classification was to determine the relationship between the performance of

each individual forecasting method on the raw data in respect to the features of the series. From

the analysis some important conclusions were drawn:

e For time series with high levels of seasonality, the best forecasting methods were ARIMA and

HW method.

e For time series with high levels of trend component, the best forecasting methods were HDT,

Theta and ARIMA.

e For time series with high levels of error component, the best forecasting method was ARIMA.

experimental results not reported here, revealed that the relative performance of the various methods did not vary

significantly when different historical windows and lead times were used.
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4.8. Extrapolating the Error Component

The most important step in the application of the new methodology lies in the estimation of the
error component. Being the residual variability after the elimination of any structural component
in the data (trend and seasonality), it is a very noisy series and therefore very difficult to predict.
To our knowledge, there exists no published work in the literature that deals with the extrapolation
of the irregular component obtained through the application of a decomposition procedure, using
statistical techniques.

Although it is customary in the literature to assume that the error component is white noise,
nevertheless in the current methodology, information can still be drawn from its subseries and
therefore discarding it completely can affect negatively estimation accuracy. Information in the
error component might be in the form of residual autocorrelation in its series, or of conditional
dependence on the other decomposed features of the original time series.

Based on this intuition, the error component is also included in the estimation of the global
series, through a combination technique, which is based on the extraction of the error component
from the extrapolated detrended and deseasonalised series, Se;+1 and me;y1. These are obtained

by adding together the seasonality and error, and trend and error components respectively, i.e:

sey = St+et (5)

me; = my+e (6)

The combinations of §e;11 and the trend component, and me;;1 and seasonal component both

give an estimation for the global series.

4.4. The New Forecasting Method

In this paper, the ARIMA method is used for the estimation of me;, and the HW method for
the estimation of se;. The seasonality component was extrapolated using the ARIMA method and
the trend component using the Theta method®. The choice of these methods is supported by the

preliminary analysis carried out in the previous section. From the analysis, it was found that the

8Other permutations assumed by the best performing method for each component, found in section 4.2, were also

investigated. A number of them returned comparable results with the one chosen.
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aforementioned methods were selected as the most accurate forecasting methods for time series
with very high levels of trend and seasonal components respectively. In addition, the ARIMA
method can deal reasonably well with a high level of residual variability in the data.

Hence, by combining the extrapolated seasonal, trend, seasonal and error and trend and error

components, one can obtain the estimation for the global series x;:

. . (Th) | ~(AR ~ (AR) | ~(HW
Tyl = (mEH)+8§+1)+me§+1)+se£+1 ))/2 (7)

The new methodology is therefore based on the linear combination of the extrapolated sub-
series. Accordingly, there is an element of originality in the methodology developed. That is, the
forecasts included in the combination are not direct forecasts of the target series, but are forecasts
of sub-series of the individual components, which approximate its behavior. Therefore, each sub-
series is governed by a different structural characteristic and hence, a different forecasting model is
used for its estimation. This aspect of distinguishability in the individual sub-series is what creates
value in the combination framework; a conclusion which is also supported in the literature (Hendry

& Clements, 2002).

5. Application

5.1. Performance FEvaluation of the New Forecasting Method

The performance evaluation of the new methodology is benchmarked against the four forecast-
ing methods namely HW, HDT, Theta and ARIMA, and is carried out using the last 18 observations
in the sample.

A set of measures were adopted to evaluate the performance of the forecasting methods. These
can be categorized in scale-dependent, scaled, symmetric and relative. Table 1 gives the list of
error measures examined under the four evaluation categories.

Y; is the real observation and F} the predicted observation at time t. Also,

¢ = Yy —F (8)
€t
@ = 9)
ﬁ YooY = Y]
e = % (10)
€t
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A. Scale-Dependent Measures

MAE Mean Absolute Error mean(|e|)
MdAE Median Absolute Error median(|e])
MSE Mean Square Error mean(e?)
RMSE Root Mean Square Error MSE

B. Scaled Errors

MASE Mean Absolute Scaled Error mean(|q:|)
MdASE Median Absolute Scaled Error median(|q|)
RMSSE Root Mean Squared Scaled Error mean(q?)

C. Symmetric Errors

sMAPE Sym. Mean Abs. Perc. Error mean (200 &;2%)
sMdAPE Sym. Median Abs. Perc. Error median (200 é;?;)
D. Relative Error Measures

MRAE Mean Relative Absolute Error mean(|r|)

MdRAE Median Relative Absolute Error — median(|r|)
GMRAE Geometric Mean Rel. Abs. Error gmean(|r:)

Table 1: List of error measures employed for the performance evaluation of the new forecasting method

n is the number of observations in the data and € is the forecast error obtained from a benchmark
model. In this paper, the benchmark model used is the random walk model where F; is equal to
the last observation, Y;_i.

Scale-dependent measures are based on the variability of the predictions when compared to the
real observations and are useful when comparing methods for the same data set, which is also the
purpose of this analysis. Relative errors measures compare the error in the forecasts with the error
of a benchmark model. These, have been supported in the literature as the most reliable error
measures for a large number of applications (Armstrong & Collopy, 1992, Fildes, 1992, Thompson,
1990, 1992). However, in the case of equal consecutive observations, this error measure category
returns infinite values. This was also observed in the application of Hyndman & Koehler (2006),

where they admitted this to be a “serious deficiency” of the relative error measures. In the current
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application, the relative error measures were winsorized to avoid this problem. Scaled measures
scale the error based on the in-sample MAE from the naive method and are independent of the
scale of the data. They have been recommended by Hyndman & Koehler (2006). Specifically, they
recommended MASE (Mean Absolute Scaled Error) “to become the standard measure for forecast
accuracy” due to the fact that it is always defined and finite, unlike other measures in certain
occasions. Finally, symmetric errors were the main error measures used in the NN3 competition
to evaluate performance across each forecasting horizon and across all time series.

Table 2 reports the percentage of times that one method was found to be more accurate than
another method across the four error measures examined, namely MAE, MASE, sMAPE? and
MdRAE. The results for the other error measures were very similar and are not reported here

to save space10

. Therefore, every entry, a;;, in the table shows the percentage of times across
the 111 time series, that method ¢ had a smaller error than method j. It is evident from the
results in table 2 that the new forecasting method outperforms the benchmark methods for all
the error measures considered. It returned a smaller error for a larger percentage of time series
than any of the other four forecasting methods considered. ARIMA was the second best method,
outperforming the other three statistical techniques in more than 60% of the time series. However,
this was outperformed by the new methodology in more than 50% of the series. HDT appears to
be the weakest method investigated.

Under the MAE, MASE and sMAPE the new methodology returned the smallest error in 41
out of 111 time series. The result was 31 out of 111 for the MARAE. Furthermore, the level of
improvement in the predictions from the implementation of the new methodology was above 10%

in all three evaluations. There was a 10.72% average improvement in both the MAE and MASE
evaluation, for the SMAPE, this was 11.01% , and 18.14% for the MdARAE.

9The sMAPE error measure can return negative values in the denominator. In order to avoid this effect, in the
current application, the absolute value of the denominator was considered instead, i.e. mean (200%).

10The results from the implementation of other error measures are available from the author upon request.
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HW HDT Theta ARIMA New

MAE

HW - 49.55 48.65 36.94  24.32
HDT 50.45 - 50.45 36.04  35.14
Theta 51.35 49.55 - 37.84  35.14
ARIMA 63.06 63.96 62.16 - 46.85
New 75.68 64.86 64.86 53.15 -
MASE

HwW - 49.55 48.65 36.94  24.32
HDT 50.45 - 50.45 36.04  35.14
Theta 51.35 49.55 - 37.84  35.14
ARIMA 63.06 63.96 62.16 - 46.85

New 75.68 64.86 64.86 53.15 -

sMAPE

HW - 45.05 45.95 35.14 2342
HDT 54.95 - 50.45 36.04  34.23
Theta 54.05 49.55 - 38.74  35.14
ARIMA 64.86 63.96 61.26 - 46.85
New 76.58 65.77 64.86 53.15 -
MdRAE

HW - 49.55 45.05 36.94  35.14
HDT 50.45 - 44.14 33.33 38.74
Theta 54.95 55.86 - 4234  42.34
ARIMA 63.06 66.67 57.66 - 50.45
New 64.86 61.26 57.66 49.55 -

Table 2: Percentage of times method A (row) was more accurate than method B (column), across the 111 time series,

for 18 step-ahead forecasts.

15



MAE MASE sMAPE MdRAE

HW 922.26 1.30 18.76 1.46
HDT 1004.42  1.35 18.73 1.52
Theta 1009.74  1.33 18.62 1.48

ARIMA  807.52 1.18 16.19 1.30
New 797.68 1.16 15.65 1.28

Table 3: The average error obtained calculated across the 111 time series.

Table 3 presents the average error obtained across the 111 time series for the MAE, MASE,
sMAPE and MdRAE error measures, for each of the four statistical methods and the new fore-
casting methodology and table 4 shows the average ranking for each method across the four error
measures. The smallest error and ranking across the five methods examined are shown in bold. It
is clear from both tables that the new methodology results in more accurate and robust predictions,
returning the smallest error in all four error measure categories examined, and having an average

ranking of 2.41 for MAE and MASE, 2.40 for sMAPE and 2.67 for MARAE.

MAE MASE sMAPE MdRAE

ow 3.41 3.41 3.50 3.33
HDT 3.28 3.28 3.24 3.33
Theta 3.26 3.26 3.23 3.05

ARIMA  2.64 2.64 2.63 2.62
New 2.41 241 2.40 2.67

Table 4: The average rank of each method obtained across the 111 time series.

Figure 3 presents a graphical depiction of the performance of the new methodology, compared
to the four statistical methods, evaluated using the MASE measure. It is evident from figure 3
that the main advantage of the new forecasting methodology lies in its ability to perform robustly
well, irrespective of the characteristics of the time series. Unlike the other statistical forecasting

methods examined, which perform relatively well for a particular set of time series (e.g HW for
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highly seasonal time series) whilst they returns poor predictions for others, the new methodology
performs consistently well across the whole set of time series examined. This is also shown in figure
4, where the prediction lines returned by the new forecasting methodology are depicted for some

of the time series with a wide range of structural characteristics.
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5.2. Performance Fvaluation on the M1 Competition Data

In order to investigate the robustness of the new methodology on a new dataset, this was
implemented on the complete and reduced datasets from the M1 Competition. Like the NN3
Competition dataset, the M1 Competition datasets are characterized by a large range of time
series with different structural characteristics. However, unlike the NN3 Competition dataset,
the trend component is the most salient features in the majority of the time series of the M1
Competition.

The analysis of the new forecasting method on the M1 Competition datasets is limited to
the quarterly and monthly time series. Annual data was excluded from the analysis as the STL
decomposition method requires a time series frequency greater than two. Series with less than
36 observations were also excluded, on the basis that 36 is the minimum number of observations
required by HW method for estimating a seasonal time series. The resulting datasets consisted of
76 and 729 time series for the complete and reduced sample, respectively.

The results from the evaluation of the new forecasting method on the M1 Competition datasets,
using the four error measures (MAE, MASE, sMAPE and MdRAE) are reported in tables 5 to 10.
The results indicate that the new methodology still performs relatively well, when compared to the
other four methods, for both the reduced and complete datasets, and appears to be consistently
superior for a larger range of time series than the other four statistical methodologies.

The best statistical forecasting methods for the M1 reduced dataset in terms of average error, for
MAE, sMAPE and MdRAE error measures, is ARIMA followed by the new methodology (table 7),
which outperforms the other four statistical techniques under the MASE error measure. However,
in terms of average ranking across the four error measures, the new methodology outperforms the
other techniques in all but the MARAE error measures, for which HW appears to be the best (table
8). The results indicate that the new methodology is more robust than the other four statistical
techniques thus always returning good prediction accuracies relative to the other methods across
a wide range of time series.

For the M1 complete dataset, the new methodology returned the smallest average error across
the 726 time series and across all four error measures examined (table 9). The same results
were obtained for the average ranking across the four error measures, indicating that the new

methodology outperforms the four statistical techniques in terms of accuracy. Hence, the new
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Figure 4: Time series plots of the raw data (solid line) and 18 steps ahead predictions (dashed line) for the 18",
537, 64" 68" 77" and 100*" time series of the NN3 Competition.
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forecasting methodology consistently outperforms the HDT and Theta methods, and performs
comparatively well to the ARIMA and HW methods for the two datasets. These results highlight
further the superiority and robustness of the new forecasting method in predicting a large range

of time series with very different characteristics.
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HW HDT Theta ARIMA New

MAE

HW - 64.47  65.79 53.95  48.68
HDT 35.53 - 48.68 36.84  30.26
Theta 34.21 51.32 - 36.84  36.84
ARIMA 46.05 63.16 63.16 - 46.05
New 51.32 69.74 63.16 53.95 -
MASE

HW - 64.47 65.79 53.95  48.68
HDT 35.53 - 48.68 36.84  30.26
Theta 34.21 51.32 - 36.84  36.84
ARIMA 46.05 63.16 63.16 - 46.05

New 51.32 69.74 63.16 53.95 -

sMAPE

HW - 64.47 68.42 52.63  50.00
HDT 35.53 - 48.68 36.84  28.95
Theta 31.58 51.32 - 36.84  35.53
ARIMA 47.37 63.16 63.16 - 47.37
New 50.00 71.05 64.47 52.63 -
MdRAE

HW - 63.16  60.53 50.00  57.89
HDT 36.84 - 46.05 35.563 34.21
Theta 39.47 53.95 - 44.74  40.79
ARIMA 50.00 64.47 55.26 - 48.68

New 42.11 65.79 59.21 51.32 -

Table 5: M1 Reduced: Percentage of times method A (row) was more accurate than method B (column), across

the 76 time series, for 18 step-ahead forecasts.
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HW HDT Theta ARIMA New

MAE

HW - 59.53 56.93 52.67  49.52
HDT 40.47 - 45.82 39.92 3443
Theta 43.07 54.18 - 4143  33.61
ARIMA 47.33 60.08 58.57 - 43.76
New 50.48 65.57 66.39 56.24 -
MASE

HwW - 59.53 56.93 52.67  49.52
HDT 40.47 - 45.82 39.92 3443
Theta 43.07 54.18 - 4143  33.61
ARIMA 47.33 60.08 58.57 - 43.76

New 50.48 65.57 66.39 56.24 -

sMAPE

HW - 99.67 57.61 52.40  50.75
HDT 40.33 - 45.54 40.19  33.61
Theta 42.39 54.46 - 41.29  33.20
ARIMA 47.60 59.81 58.71 - 44.31

New 49.25 66.39 66.80 55.69 -

MdRAE

HW - 57.06 54.46 51.17  48.29
HDT 42.94 - 44.58 43.76  33.61
Theta 45.54 55.42 - 45.68  37.45
ARIMA 48.83 56.24 54.32 - 44.03
New 51.71 66.39 62.55 55.97 -

Table 6: M1 Complete:Percentage of times method A (row) was more accurate than method B (column), across

the 729 time series, for 18 step-ahead forecasts.
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MAE MASE sMAPE MdRAE

HW 1475.94 2.87 16.53 2.57
HDT 1753.07 3.01 19.64 2.49
Theta 1569.82 291 18.85 2.39
ARIMA 1203.24 2.83 15.17 2.21
New 1389.20 2.61 16.51 2.24

Table 7: M1 Reduced: The average error obtained calculated across the 76 time series.

MAE MASE sMAPE MdRAE

HW 2.67 2.67 2.64 2.68
HDT 3.49 3.49 3.50 3.47
Theta 3.41 3.41 3.45 3.21
ARIMA 2.82 2.82 2.79 2.82
New 2.62  2.62 2.62 2.82

Table 8: M1 Reduced: The average rank of each method obtained across the 76 time series.

MAE  MASE sMAPE MdRAE

HW 1989.14 2.94 17.67 2.45
HDT 2274.07 3.01 18.95 2.38
Theta 2156.25 2.91 18.21 2.22
ARIMA  1786.80 2.86 16.44 2.22
New 1628.34 2.64 15.93 2.00

Table 9: M1 Complete: The average error obtained calculated across the 729 time series.
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MAE MASE sMAPE MdRAE

HW 2.81 2.81 2.80 2.89
HDT 3.39 3.39 3.40 3.35
Theta 3.28 3.28 3.29 3.16
ARIMA  2.90 2.90 2.90 2.97
New 2.61 2.61 2.62 2.63

Table 10: M1 Complete: The average rank of each method obtained across the 729 time series.
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6. Conclusions

A new decomposition methodology was developed and applied to 111 time series from the NN3
competition. It constitutes an original attempt in the literature to extrapolate the target data
through the individual extrapolation of the auxiliary sub-series returned from the application of a
decomposition procedure, including the irregular component. The performance evaluation results,
obtained from the implementation of four different error measures, showed the new method out-
performing all competing statistical techniques in the literature for the NN3 Competition dataset,
and performs comparatively well with the best forecasting methods for M1 Competition datasets.
Furthermore, it performs persistently well across all time series, irrespective of their characteristics,
underlying structure and level of noise in the data. This is an important development in the area
of forecasting, since no method has ever being documented to perform consistently well for the
majority of time series in previous forecasting competitions and large empirical studies.

The employment of different methodologies for the extrapolation of each of the disaggregated
sub-series, together with the differentiability that characterizes the structure of each underlying
series were the main factors for the success of the methodology. The increase in prediction accuracy
obtained from the application of the new forecasting technique, the stability of the results across
the three datasets examined, and the simplicity of the underlying methodology are some of the

strengths underlying this novel approach to forecasting.
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